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8-ORDINATE SCHEME FOR FORMULATING PERIODIC VARIATIONS

A. V.8 Murry
Central Marine Fisherles Research Institute, Cochin-682 018

ABSTRACT

This communication is aimed at evolving a lucid scheme of computing the wave components of periodic

variations of cascade nature,

The scheme is applied to three different series and is found best suited when the diurnal, semidiumal
and quarter diurnal variations of a parameter are involved,

. INTRODUCTION

THOUGH ignored at the beginning of ‘the last
century, the expression of a systematic variation
of periodic character 2s a mathematical (semi-
emperical) function representing a series of
waves of multiple periods, originally presented
by a French Physicist Fourier* attracted sub-
sequently the field of applied science and the
harmonic analysis has its base on the Fourier
series.

I am thankful to Mr. P. D. Benjamin, Senior
'Marine Surveyor, Cochin Port Trust for pro-
viding the data of tidal observations at Cochin
for the months of February and March 1980.
I am gratefulto Dr, E.G. Silas, Director, Central
Marine Fisheries Research Institute for the
encouragement and inspiration afforded to me
during the course of this work.

Thanks are due to Mr. T. Jacob, Head of
Fisheries Resources Assessment Division,
Central Marine Fisheries Research Imstitute,

* It was ironical that the Fourier ceries, the most
famous writing in the works of mathematics presented
to the Paris Academy in 1807 was rejected for its
publication for want of very rigorous math¢matical

proofs,

who, by going critically through the manuscript,
belped to enrich the quality of the paper.
I remember with gratitude the education § had
in the Physics and Qceanography in the Andhra
University and the background it provided for
the later studies.

The total variations over a period of
27 are split into a series of waves—the funda-
mental wave (single wave) occupying the full
period and the higher harmonics 2nd, 3rd,
4th, etc. occupying thesamemterva.l 2r by2 3,
4..... waves respectively,

If y be a periodic variable of x, (x varying
from 0° to 2w) the function is given by

Y = &y - 2; €08 X 23 €08 2X + a4 cos 3x

+agcos 4x + ... ... + by sin x
+ by sin 2x + by sin 3x
+ bysindx 4-,....

where {a; co8 X - by 8in x), (ag cos 2x + by sin
2x), (agcos 3x + bysin 3x),..... constitute the
fundamental, 2nd, 3rd.. . . components (waves)
respectively of the. penodlc function. The
series may have to be extended until one is
satisfied with his requirements of aCCUracy,
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" When the- tunc;:on is known, the coeflicients
are given by? .
2%

© o8t 5 Sydx:

2

Syoos kxdx
_0
tllz‘rr - .
T S }'smkxdx, :

.al'_

by =

where k = 1,
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Ax-x INCTTE INTO THE PRACTICAL VALUE

I.et X m degrees vary from ¢ to 27 and y
be its function. Let the period 27 be divided
into N equal parts. As N varies from 0 to N,
correspondingly x varies from 0 to 27, The
values of the corresponding ordinates can be
obtained from the graph of y against x or from
the table containing values of x and the respective
ordinate values.

Let the number of harmonics of our interest
be half of N. Then the details of the wave
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frequencies within the perlod 2m would be as
“follows : -

v e °
HET N SR T
Eé“g g g s
0'(No Wa\'e) 0x° a, c0s (0x) b, sin (0x)
“1 1x®  ay cos (1x) b, sin (1x)
2 2x° . ag 008 (2x) b, sin (2%)
3 3x°  a;c0s (3x) b; sin (3x)
p Px° 8,008 (px) by sin (p¥)
N N, Ny . . (N
3 7° anes(zy) bys(3n)

2 2

" As the interval 0-360° is divided into N equal
parts each part will be equal to (%)" and the
separation points be denoted by %, (t =0, 1,
2 » N—1). The corresponding values of

x; and their corresponding ordinates may be
written asin Table 1,

TaBLE 1
r (Division No) 0 1 o 3 e ‘N-2 N—1
v () (2 3;0. . (360 Jov—n (5 nn
oo o) o3 ()2 PR (=2 (5T N-1)
Yo Yoo Yoo Ve Y5 e VN2 Yt
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. Note that in our choice of the N-ordinates,
the ordinate at the boundery of x, = 360°
is omitted as the ordinate at x, = 0%is in our
choice so that the total number of ordinates
are equal to the total number of intervals into
which the period 27 is divided. The coefficient
b, will vanish as sin (Ox)=0: and a,
cos (0;) = a,. And also when the harmonic
N )
""2"‘:
and 180° as we pass from one division to the

_%Xr will become alternately 360°

other fromQto N -1, Therefore sin %- x =0,

hence bN will vanish, and ay will become
2 7

alternately positive and negative.

The coefficients are given by (Lipka, 1918 ;
“Salvadori, 1948) '

i‘or0=p===£-

equal to 2p and sometimes much larger than
this number, says Salvadori (1948).

Cascade system of waves

The waves ride over y =a,. The frequency
is doubled or the wave period is halved as
we step down from the 1st wave to the second,
from the second wave to the fourth, from the
fourth wave to the eighth and so on. Lat us
call the system of such variations as  cascade
system’. We may come across the cascade
system of vatistions in oceanic, atmospheric
and ionospheric oscillations such as diurnal,
semidivmal and quarter diurnal variations of
tides. '

Limiting to the 4th harmonic the cascade
system of variations can be represemted by

y=128 4+ 8,008X -+ 8,0082X + 8,c084x
: 4+ byeinx 4 by sin 2x,

2

i N-1 N-1
8= rfo ¥r o8 0?"‘“'3? rfo Ye
ay 1 N1
TN I e (Tw)
2 N-1
ap — "N'—- ¥r COS DX,
=0
' for 0 = p+-§-
g N-U
by = "P_I rfo ¥: 81 pX;

From the above general formulae each
coefficient may be independently determined
and thus each harmonic can be calculated
without calculating the preceding harmonics.
It means ap and by, are twice the average of
the values of the ordinates taken at the N points
multiplied by the corresponding values of cos
and sin of px respectively. For the results
to be accurate, the number of intervals N into
which the period 27 is divided must be high.
If p is the largest harmonic expected to be
present in the graph or table, N must be atleast

Keeping N = 8, the approximate values of
the coefficients are given by

? 7

8a, = = ¥ cos (Ox,); da, = Z ¥:cos x)
=0 =0 .
7 7

4, = 3 Jx cos (2x;); 8a,= 3% Jr cos (4x;)
Tow I'=

7 ’ bl
4b, = % oyr sin (1x;); 4b, = r}:oy, sin (2x;)
| o o
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- .The multiples (cosing and sine values) of the by their respective multiples in each row gives

corrcspondmg ordinates are presented in the the values of the coefﬁclent written agamst
Table 2. The sum of the ordmates multlphed each row,

TABLE 2. ‘Multiples of the chosen eight ordinates

x o0 dse. 00 13se 180 225° 2700 318°
¥r . ¥ N ¥ ¥Ys ¥ ¥ Y ¥z
8ag 1 1 1 1 1 1 1 t
4a, 1 07 0 =07 —1 —07 O 0.7
da, 1 0 — 0 1 0 =l 0
8as 1 =1 1 -l 1 -
4b, 6 07 1 97 0 —07 —1 =07
4b, 0 i 0 - 0

1 o -1

- By makmguse of the Tablez the values of the coefficients in terms of the ordmates be re-
writtén as follows :

88y =¥, tHm+ N+t Vst ¥+ Vst ¥t Ve
4y ==Y =Y+ O - V)
da; == (¥ ~ Yo) + (¥4 — Yo)
_ Bay =Yy — )+ =¥+ (e —¥) + Vs — ¥
by = (s~ Y + 1 — ¥+ — YD
4by = (1 — Ya) + (s — ¥2)

where the primed ordinates refers to 0.7 Arrange the ordinates in the following comput-

- 1 ing form
= 7==) of its corresponding value. As

= v Y% h Yo Y¥s

computations are combersome, the following Yo Y5 Yo ¥y

scheme is designed to determine the coefficients. i sum l_o' iy i e

JOf. G B s

The 8-ordinate scheme b h h h

g lg . -l Is

-] o ] o Q @ 9 . e —

X, 0° 45 90 135° 180° 225° 270° 315 k k, k, Summ m, m,
Yo o M1V Y5 Yo Y5 Ve Vi ! L 4 Diftbn m n -
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The values of the coefficients of the terms
of the function ars as given in the Table 3.
The numbers appearing in the same column
are multiplied by the corresponding constants
appearing in the first column of the Table and
are added to give 4 or 8 times the coefficients
as indicated in the Table,

TABLE 3. Scheme of harmonic coefficients

Multiplier

0.5 mo+1y )

0.7 n, m;

1 ke +k, L ke—k I
8a, 4a, 4a, Ba, 4b; 4b,

Another way of looking at the problem is
to comsider the eight linear equations in a’s
and b's obtained by substituting the eight sets
of values of x and y in the equation

Ye=a, + a8, COS X, + 85 Cos 2 x* +
a,co84x, + by sinx; + by sin2x

where r takes the values 0,1,2, . 7. It
may be noted that there are eight equations and

MURTY

six unkmowns. It means that the measured
ordinates are greater in number than the co-
efficients. Under such condition the best way
to obtain the coefficients would be by applying
the least square techmique (Lipka, 1941).
However, it may be shown that the expressions
for the coefficients obtained by the method
of least squares have the same form as those
given earlier. And as such, the scheme evolved
for. computing the coefficients still holds
good,

Hlustration A

The graph of fig. 1 presents the barometric
pressure (mb) values observed at an interval
of 2 hours starting from 7 O’clock in the morn-
ing over a period of 24 hours in the month
of May 1960 at Waltair (Marty, 1965). Let
these 24 hours complete the period 27, There-
fore, x in degrees starts from the initial time
(in hours) of observations. The eight ordi-
nates chosen at 3 hr interval (45°) are as
follows :

1

b H Xy X Xs X Xa . X Xy Xy
o° 45° 90° - 135 1800 - 225 27 315°
¥y Yo Y Ya _ ¥s ¥ ¥ Y ¥z
mb. 1006.8 1007.8 1006.7 10053 1005.7 1007.7 1006.8 1006.6

Proceeding by the scheme,

1006.8 1007.8 1006.7 1005.3

1005.7 1007.7  1006.8 1006.6

i Sum 20125 20155  2013.5 2011.9
i Dif. 11 0.1 -0l —13
2012.5 2015.5 11 ol
2013.5 2011.9 -01 —13

k 40260 40274 Summ 1.0 —12
36 Diff. n12 1.4

1. ~1,0

Therefore, the values of the coefficients, are

8, = 100668 , a, =052, a;= —0.25,

a‘ == ""0-13 ' 4 bl = ‘_0024, ba _= 0-90
Hence

y = 1006.68 + 0,52 cos x — 0,25 cos 2x
— 0.18 cos 4x — 0,24 sin x 4 0.9 sin 2x

where y = barometric pressure (mb) and x
in degrees is. given by x = 2ur —2%‘, t in hoyry
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Tapie 4. Coefficients of pressure variations over a day

Multiplier
0.5 1.0+1.2 10—12
0.7 1.4 —12
1 © 40260 —10 - 40260 3.6
- +4027.4 —4027.4
80534 208, —10 =14 . —0% 36
=8“ . ==4a; ==4a, =Ba|. . - =4bl i =4b¢ )

starting from the initial time of observations
and the period of the fundamental wave is
24 hours (the solar day). The curve represent-
ing the equation is shown in Fig. 1. The three
waves (harmonics) and their sum as determined

¥

X Observed valuss

only by 50 minutes ; and the lunar day may be
approximated to 25 hours. The variations
of tide during the period of a lunar day (25 hrs)
are subjected to the 8-ordinate scheme. The
tide level readings corresponding to the 24th

1010 1 T3 TA¢ ordinctes (eight) chosen for framing the Scheme,
10094 O TH corvd coprastnls I #Guation from tha S¢Mme.
X
1008 1
oor
1006 4
1005+
]'(‘l'l'-'r“'l"l'l!lllir |||'|||r-
Q 2 4 6 -] o 12 14 16 18 20 22 24 1 by
L 1 1 - i i I | | -1 1
0°  45° 90" 135 80" 228" 270° 35t 360°*«x*

Fig. I. The baromstric pressure variations (mb} over a solar day (24 hirs).

by the 8-ordinate scheme for the chosen example
of observations of variations of barometric
pressure are illustrated in Fig. 2.

Rlustration B

The howrly tidal observations at Cochin
Port for the 29th day of February 1980 are
taken from the records (Fig. 3). The lunar
day (24.84 hr) and the solar day (24 hr) differ

hour on 28th day of February 1980 and that
corresponding to the lst hour on Ist March
1980 constitute respectively the values of tide
at t =0 and at t =25 hrs. The scheme is
thus,

x; 0 45 90 135 180 225 270 3I5
ye cm 102,0 83,5 64.2 77.5 82.0 51.0 41,7 840




46 A. V. §. MURTY

102.0 8335 642 715
82.0 3L.0 41.7 840
i Sum 1840 1345 105.9 161.5
j Diff. 200 32.5 22.5 —6.5
184.0 134.5 20.0 325
1059 1615 225 -65
k 2899 2060 Summ 425 260
1 781 -270 Diff.a -25 390
Therefore,
ao = 73024 ] a'1 = 11.83 ] 33 = ‘9-53
8, = —0.76, by=10.18 , b, = —6.75
mb
@ Fundamenly ,

164
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VARIATIONS

AMPLITUDE

¢ Fourth hwmoﬁic i

Hence the equation comnecting the iide level
with time of the hmar day is

y= 7324 4+ 11.83 cos x 4 19.53 cos 2 x
—0,76 cos 4 x + 10.18 sin x —6.75 sin 2x

where y =tide level (cm) and x=21r-2!§

where t is in hours and 25 hr period is the
lunar day which is treated as the period of
the fundamental wave (first harmonic). The
computed values of tidal variations in the day
are plotted in Fig. 3 in the background of
observed values.

b Sacond harmonie,
d Sum of harmonics.

Fig. 2. The harmonic components and their sum of the barometric pressure over ay 1006.68 mb.

TAnLE 8, Coefficients of ridal variations over a lunar day

Multiplier
0.5 42,528 42,5425
07 390 260
1 289.94296.0 781 289.9—296.0 =270
589.9 a3 Bl -6 407 =270
=8aq _ =4b,

~da,

= =ba
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v

1104 X Qbservad volusse,

f

12 Phe ordinctes teight) chosen for froming the Sc!mm
© The curve raprieents the pguation from the Scnmc
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‘0" 45" 90° 3¢

180° 225" zv¢

38’ 360%x*

Fig. 3. The tida! variations {cm) over a lunar day (25 brs).

Hlustration C -

Under the third example, the !owest low
tides corresponding to each day are picked
up from the hourly observations of tides at
Cochin during the month of March 1980, As
a lonar month refers to a complete cycle, a
twenty-cight day period is chosen, I order

to start the period from the very beginning of
the month, the lowest low tide immediately
preceding March *80 Z.e. the last day of February
*80 is considered together with its time of
occurrence. This value referd to the point
marked on the graph (Fig. 4) in the negative
side of the time-xis.

a‘mm Taigh } enm for Mc Scheme, P\l’
i

Ll el B |

6 ® 20 22

24 26 28 1doyy

A L

;d'.

@o" 229

210°  ¥s* . 380" .

Fig. 4. The varistions of the lowest low tide (cm) over a lunat month (28 days),
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In this example, the fundamental period
would be 28 days and x in degrees is equal

to 27w -;?where t is in days and t = 0 refers

to the mid night of 29th February/lst March
1980. It may be noted that every 3.5 days
make 45° in dividing the 28 days’ length of time
into eight equal parts. Now,

b 0 45 90 135 180 225 270 315
ye cm, 38.7 43.0 36.0 28.0 37.7 30.0 25.5 40.0

where y = lowest low tide '(crn) of tke day,
t

x° =2mn 2% where t is in days of the lunar

month which is 28 days. _
The observed and the computed values of the

lowest low tide variations ovér the lunar month
are presented in Fig, 4,

CONCLUSIONS

187  43.0 360 23.0 The B8-ordinate scheme presented here is
37:7 30.0 255 400 as simple as the Runge’s 6-ordinate scheme,
- - The former incorporates the fourth harmonic
iSum 764 730 61.5 68.0 instead of the third. The present scheme is
j DIff. 1.0 130 10.5 —12.0 handy when one has to deal with the system
764 THO Lo 13.0 of variations which are expected to be ‘cascade’
615 €8.0 10.5 —12.0 in their resolved per}o(.ilcxtlcs.
It is clear from the figures (1, 3 and 4) of
k 1379 1410 Summ IL5S L0 he cited examples that there is a close agres~
8| - 14.9 5. Difin —95 250 ment between the observed and computed
. TaBLe 6. Coefficients of ridal vaitgrions.owr a lumr ronth
Multiplier :
0.5 11,5295 11.54+9.5
0.7 250 E 1.0
1 137.9+141.0 149 1379-1418 - 8
278.9 18.5 149 3.1 11.2 5
=8ay -481 =43, =4by =d4by

=8a,

The values of the six coefficients ate
a, = 34.862; a; = 4.625; b, = 2.8
a,==3725 ; by=125 ; a,=-—0.388
Therefore, the aquation is

y = 34862 4 4.625¢cos x + 2.8 sin'x
4+ 3.725 cos 2x + 1.25 sin 2x —0.388 cos 4x.

scts of variations (ordimates). The nearer
the system of variations to the cascade type,
the closer would be the agreement between the
observed and the computed total variations,
as it is clear from the first two examples. In
the case of the third example the influence

.of the solar tides during the 25-day lunar



3-ORDINATE SCHEME FOR FORMULATING PERIODIC VARIATIONS ' 49

month might be such as to deviate the lowest
low tide variations from the cascade system.
However, it is evident from Fig, 4 that the
equation obtained from the scheme scans
the observed values more or less through their
general trend of variations during the lunar
month. It is needless to say that the accuracy
will improve when higher harmonics are also
taken into account.

On perusal of the figures (1, 3 and 4) it may
be noticed that the computed values of ordinates
corresponding to ihe chosen (eight) ordinates
need not always coincide with the latter. It
means that the curve is not compelled to pass
through the chosen ordinates. Nevertheless,
it makes the best approximation to them,
just as in the case of statistical method of least
squares. This feature of the scheme is best
revealed in Fig, 4. where the computed and
the observed variations of the lowest low tide

over a Junar month are presented in graphical
form, The above mentioned smoothing fea-
ture is absent in the Runge’s 6-ordinate scheme
where the curve is compelled to pass through
the chosen six-ordinates.

Such simplified solutions obtained from the
8-ordinate scheme may perhaps find their value
in formulating simple prediction systems,
especially when dealing with the diurmal
variations of periodic functions,

Ag the harmonics are obtainable independent
of each other, it can be proved that the co-
efficients ag and by corresponding to the third
harmonic are given by 4ag = 0.5 (mq + 1,) -+
0.7 (—ny) and 4bg = 0.5 (—m, 4 ng) -+ 0.7m,.
If one is interested in the third harmonic also,
two columns, one for 4as and the other for
4bg can be added at suitable places in Table
3 by making use of the above equations.
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